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Abstract
In this paper, we find some superharmonic functions, which relate to the convexity estimates
for Green’s function and the first eigenfunction of Laplace operator with homogeneous
Dirichlet boundary conditions in bounded convex domains of Rn.
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1 Introduction

Let Ω be a bounded convex domain in Rn, n ≥ 2, xo ∈ Ω . In this paper, we will con-
sider the convexity estimates of solutions to two elliptic partial differential equations with
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homogeneous Dirichlet boundary conditions. The first one is Green’s function of Ω with
pole at xo, which is the positive solution of the following problem:{

Δu = −δ(x − xo) in Ω,

u = 0 on ∂Ω,
(1.1)

where δ(x − xo) denotes the Dirac measure at the point xo. And the second one is the first
eigenvalue problem of the Laplace operator:⎧⎨

⎩
Δu + λu = 0 in Ω,

u = 0 on ∂Ω,

u > 0 in Ω,

(1.2)

where λ is the first eigenvalue of the Laplace operator.
In 1920’s, Carathéodory obtained that the level sets of Green’s function in a bounded

convex plane domain are strictly convex by using the methods of conformal mappings.
In 1957, Gabriel [7] proved that the level sets of Green’s function in a bounded convex
three dimensional domain are strictly convex. In 1984 and 1993, from the viewpoint of
probability, Borell [2, 3] proved that Green’s function u of Eq. 1.1 is quasi-concave for

n = 2 and 1
2−n

-convex for n ≥ 3, i.e. the level sets of u are convex for n = 2 and u
1

2−n is
convex for n ≥ 3.

In 2015, Shi [16] obtained a convexity estimate for Green’s function of a bounded convex
domain Ω with pole at xo ∈ Ω , and gave the proof of its specific convexity from the
viewpoint of partial differential equations themselves. He proved the following theorem:

Theorem 1.1 [16] Let Ω be a smooth bounded convex domain in Rn, n ≥ 2, u > 0 the

solution for the problem Eq. 1.1, and v = e−αu, α > 2π for n = 2 or v = u
1

2−n for n ≥ 3.
If v is a strictly convex function, then the function

ψ1 = v2−n2 detD2v,

that is,

ψ1 = α2
(
detD2u − α

2∑
i,j=1

∂ detD2u

∂uij

uiuj

)
for n = 2,

or

ψ1 =
(

1

n − 2

)n(
(−1)nu detD2u + (−1)n−1 n − 1

n − 2

2∑
i,j=1

∂ detD2u

∂uij

uiuj

)
for n ≥ 3,

satisfies the following elliptic differential inequality:

Δψ1 ≤ 0 mod (∇ψ1) in Ω\{xo},
where the terms containing the gradient of ψ1 with locally bounded coefficients are sup-
pressed. Moreover, the function ψ1 attains its minimum on the boundary ∂Ω , and for n ≥ 3,
the following estimate

ψ1 ≥ n − 1

(n − 2)n+1
min
∂Ω

K min
∂Ω

|∇u|n+1 (1.3)

holds, where K is the Gaussian curvature of ∂Ω .

Using the convexity estimate Eq. 1.3, Shi [16] combined with the deformation methods
to get a new proof that v is strictly convex in Ω\{xo} for n ≥ 3. In this paper, we prove that
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logψ1 is a superharmonic function exactly, which naturally leads to the convexity estimate
Eq. 1.3 from Lemma 2.1 in [16].

Theorem 1.2 Let Ω be a smooth bounded convex domain in Rn, n ≥ 2, u > 0 the solution
for the problem Eq. 1.1, and v = e−αu, α > 2π for n = 2 or v = u

1
2−n for n ≥ 3. If v is a

strictly convex function, then the function

ϕ1 = logψ1 = log
(
v2−n2 detD2v

)

satisfies the following inequality:

Δϕ1 ≤ 0 in Ω\{xo}.

In 1976, Brascamp-Lieb [5] considered the following initial-boundary value problem for
the heat equation ⎧⎨

⎩
∂u
∂t

= Δu, (x, t) ∈ Ω × (0, +∞),

u = 0, (x, t) ∈ ∂Ω × (0, +∞),

u(x, 0) = uo(x), x ∈ Ω,

where Ω is a bounded convex domain in Rn, n ≥ 2, uo is a positive function defined in
Ω , and uo = 0 on ∂Ω . They proved that when log uo is a concave function, log u is also
concave with respect to x for any t > 0. From this, they established the log-concavity of
the first eigenfunction of the Laplace operator for the problem Eq. 1.2 in convex domains.
Korevaar [12] and Caffarelli-Spruck [6] established a maximum principle for a two-point
function to give a new proof on the log-concavity of the first eigenfunction of the Laplace
operator respectively, Borell [4] proved some generalizations still via probability approach.

For the case of dimension two, Acker-Payne-Philippin [1] found the following function

P1 = 1

u
[u detD2u + 2u1u2u12 − u11u

2
2 − u22u

2
1]

which satisfies

ΔP1 = 0, mod(∇P1) in Ω\{x ∈ Ω|Θ(x) = 0},
where Θ(x) = 4v212 + (v11 − v22)

2 for v = − log u. Then they obtained a new proof for the
Brascamp-Lieb’s result in two dimensional case. The idea of using the P function to deal
with partial differential equations was originally given by Makar-Limanov. Makar-Limanov
[15] considered the following torsion problem in a bounded convex plane domain Ω{

Δu = −2 in Ω,

u = 0 on ∂Ω .
(1.4)

He introduced an auxiliary function

P2 = 2u detD2u + 2u1u2u12 − u11u
2
2 − u22u

2
1,

and proved that P2 is an superharmonic function. Then he could obtain that u
1
2 is strictly

concave.
Let u be the solution of problem Eq. 1.2, and v = − log u, for the function

ψ2 = e−(n+1)v detD2v

= (−1)nu detD2u + (−1)n−1
n∑

i,j=1

∂ detD2u

∂uij

uiuj ,
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Ma-Shi-Ye [13] proved the following theorem:

Theorem 1.3 [13] Let Ω be a smooth, bounded convex domain in Rn, n ≥ 2, and u > 0
the first eigenfunction for the eigenvalue problem Eq. 1.2. If v = − log u is a strictly convex
function, then the function

ψ2 = e−(n+1)v detD2v

satisfies the following elliptic differential inequality:

Δψ2 ≤ 0 mod (∇ψ2) in Ω,

where the terms containing the gradient of ψ2 with locally bounded coefficients are sup-
pressed. Moreover, the function ψ2 attains its minimum on the boundary ∂Ω , and the
following estimate

ψ2 ≥ min
∂Ω

K min
∂Ω

|∇u|n+1 (1.5)

holds, where K is the Gaussian curvature of ∂Ω .

Using the convexity estimate Eq. 1.5 and combining the deformation methods they gave
a new proof for the Brascamp-Lieb’s result in high dimensional case. In this paper, we get
that logψ2 is superharmonic, which also leads to the convexity estimate Eq. 1.5.

Theorem 1.4 Let Ω be a smooth bounded convex domain in Rn, n ≥ 2 and u the solution
for the problem Eq. 1.2. If v = − log u is a strictly convex function, then the function

ϕ2 = logψ2 = log
(
e−(n+1)v detD2v

)

satisfies the following inequality:

Δϕ2 ≤ 0 in Ω .

Ma-Shi-Ye [13] also gave convexity estimates for the torsion problem Eq. 1.4. It is a
generalization of Makar-Limanov’s result in [15] to the higher dimensions. They introduced
the auxiliary functions

ψ3 = (−2)−nu detD2u + (−2)−n−1
n∑

i,j=1

∂ detD2u

∂uij

uiuj ,

and proved a differential inequality

Δψ3 ≤ 0 mod (∇ψ3).

Recently, the authors in [11] further obtained that ψ
1

n−1
3 is superharmonic. For the har-

monic functions u with convex level sets, Ma-Zhang [14] proved that
(|∇u|n−3K

) 1
n−1 is

superharmonic, where K is the Gaussian curvature of the level sets of u.
In geometric function theory and nonlinear elasticity, the superharmonic property for

the log of Jacobian determinant is important to study the diffeomorphism problem, see
for example in Iwaniec-Onninen [9] and Iwaniec-Koski-Onninen [10]. In higher dimension
case, Gleason-Wolff [8] studied the diffeomorphism for the gradient mapping of harmonic
function u, and the superharmonicity for the log | detD2u| is still the key ingredient in their
proof.

This paper is organized as follows. In Section 2, we give the proof of Theorem 1.2. The
main technique in the proof of Theorem 1.2 consists of regrouping terms involving third
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order derivatives and maximizing them in each group. In Section 3, using the same process
as the proof of Theorem 1.2, we prove Theorem 1.4.

2 Proof of Theorem 1.2

Firstly, we give the following elementary lemma.

Lemma 2.1 Let B be a (n − 1) × (n − 1) symmetric matrix, n ≥ 2, x = (x1, · · · , xn−1),
b = (b1, · · · , bn−1) ∈ Rn−1, and f (x) = xBxT + 2bxT . If B < 0, i.e., B is negative
definite, then

f (x) ≤ −bB−1bT .

Proof Since B < 0, the polynomial f (x) has a unique maximum point. At this maximum
point, there hold

2BxT + 2bT = 0,

equivalently, xT = −B−1bT . Hence

f (x) ≤ (−B−1bT )T B(−B−1bT ) + 2b(−B−1bT )

= bB−1bT − 2bB−1bT = −bB−1bT .

Now, we prove Theorem 1.2.

Proof Let u be the solution for the problem Eq. 1.1, v = e−αu, α > 2π for n = 2 or

v = u
1

2−n for n ≥ 3. Then v is strictly convex from our assumption and satisfies the
following equation and boundary conditions.

Δv = (n − 1)
|∇v|2

v
in Ω \ {xo},

v(xo) = 0,

and for n = 2,
v = 1 on ∂Ω,

or for n ≥ 3,
v(x) → +∞ as x → ∂Ω .

For
ϕ = log(v2−n2 detD2v) = (2 − n2) log v + log detD2v,

we shall show that
Δϕ ≤ 0. (2.1)

In order to prove the inequality Eq. 2.1 at an arbitrary point x̄ ∈ Ω , we will choose
the suitable coordinates at x̄, such that the matrix D2v(x̄) is diagonal. If we can establish
Eq. 2.1 at x̄ under the above coordinates assumption, then go back to the original coordinates
we find that Eq. 2.1 remain valid. Thus it remains to establish Eq. 2.1 under the above
assumption that the matrix D2v(x̄) is diagonal. Because v is strictly convex, the Hessian
matrix (vij ) is positive definite. Denote λi = vii(x̄) for 1 ≤ i ≤ n, λ = (λ1, λ2, . . . , λn)

and σ1(λ) = Δv. Let (vij ) be the inverse matrix of (vij ). From now on, all the calculations
will be done at the fixed point x̄ unless otherwise specified.
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Take the first and second derivative of ϕ, we have

ϕi = (2 − n2)vi

v
+

n∑
k,l=1

vklvkli ,

and

ϕii = (2 − n2)(vvii − v2i )

v2
+

n∑
k,l=1

vklvklii −
n∑

k,l,p,q=1

vkqvplvklivpqi .

Hence

Δϕ =
(
2 − n2

) (
vΔv − |∇v|2)
v2

+
n∑

k=1

vkkΔ(vkk) −
n∑

k,l,i=1

vkkvllv2kli . (2.2)

By using the equation Δv = (n − 1) |∇v|2
v

, we have

(Δv)kk

= (n − 1)

( |∇v|2
v

)
kk

= (n − 1)

(
2

n∑
s=1

vsvsk

v
− |∇v|2vk

v2

)

k

= (n − 1)

(
2

n∑
s=1

vskvsk

v
+ 2

n∑
s=1

vsvskk

v
− 2

n∑
s=1

vsvkvsk

v2
− 2

n∑
s=1

vsvkvsk

v2

)
(2.3)

+(n − 1)

(
− |∇v|2vkk

v2
+ 2

|∇v|2v2k
v3

)

= (n − 1)

(
2
λ2k

v
+ 2

n∑
s=1

vsvskk

v
− 4

λkv
2
k

v2
− λk|∇v|2

v2
+ 2

|∇v|2v2k
v3

)
.

Therefore, from Eqs. 2.2 and 2.3, we derive that

Δϕ = −
n∑

k,i=1

v2kki

λ2k

−
∑

1≤k,s,i≤n
k �=s

v2ksi

λkλs

+ 2(n − 1)
n∑

k,i=1

vi

v

vkki

λk

+(−n3 + 3n2 − 5n + 2)
|∇v|2

v2
+ 2

n∑
k=1

σ1

λk

v2k

v2

≤ −
n∑

k,i=1

v2kki

λ2k

− 2
∑

1≤k,i≤n
k �=i

v2kki

λkλi

+ 2(n − 1)
n∑

k,i=1

vi

v

vkki

λk

+
(
−n3 + 3n2 − 5n + 2

) |∇v|2
v2

+ 2
n∑

k=1

σ1

λk

v2k

v2
,

the last inequality is due to
∑

k �=l,k �=i,l �=i

v2kli

λkλl
≥ 0.
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We claim that ∀ 1 ≤ i ≤ n,

Ai : = −
n∑

k=1

v2kki

λ2k

− 2
∑

1≤k≤n
k �=i

v2kki

λkλi

+ 2(n − 1)
vi

v

n∑
k=1

vkki

λk

+
(
−n3 + 3n2 − 5n + 2

) v2i

v2
+ 2

σ1

λi

v2i

v2

≤ 0.

If the claim is true, we arrive at the conclusion that

Δϕ ≤
n∑

i=1

Ai ≤ 0.

In the following, we shall show the claim. Taking derivative of the equation Δv = (n −
1) |∇v|2

v
with respect to xi , we have

(Δv)i = (
2(n − 1)λi − σ1(λ)

)vi

v
,

that is

vnni = (
2(n − 1)λi − σ1(λ)

)vi

v
−

n−1∑
k=1

vkki . (2.4)

Applying Eq. 2.4 to Ai , we deduce that, for 1 ≤ i ≤ n − 1,

Ai =
(

− 1

λ2i

− 1

λ2n
− 2

λiλn

)
v2iii

+
∑

1≤k≤n−1
k �=i

(
− 1

λ2k

− 2

λiλk

− 1

λ2n
− 2

λiλn

)
v2kki

−
(

1

λ2n
+ 2

λiλn

) ∑
1≤k,j≤n−1

k �=j

vkkivjji

+vi

v

n−1∑
j=1

[
2(n − 1)

(
1

λj

− 1

λn

)
+ 2

(
1

λ2n
+ 2

λiλn

)(
2(n − 1)λi − σ1

)]
vjji

−
(

1

λ2n
+ 2

λiλn

)(
2(n − 1)λi − σ1

)2 v2i

v2
+ 2(n − 1)

2(n − 1)λi − σ1

λn

v2i

v2

+(− n3 + 3n2 − 5n + 2
)v2i
v2

+ 2
σ1(λ)

λi

v2i

v2
, (2.5)
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and

An =
n−1∑
j=1

(
− 1

λ2j

− 1

λ2n
− 2

λjλn

)
v2jjn − 1

λ2n

∑
1≤j,k≤n−1

k �=j

vjjnvkkn

+vn

v

n−1∑
j=1

[
2
(n − 1)λn − σ1

λ2n
+ 2(n − 1)

1

λj

]
vjjn (2.6)

− 1

λ2n

(
2(n − 1)λn − σ1

)2 v2n

v2
+ 2(n − 1)

2(n − 1)λn − σ1

λn

v2n

v2

+(− n3 + 3n2 − 5n + 2
)v2n
v2

+ 2
σ1

λn

v2n

v2
.

Therefore, we can view Ai (1 ≤ i ≤ n) as a quadratic polynomial of x[i] =
(v11i , v22i , · · · , v(n−1)(n−1)i ).

Firstly, we prove the claim for i = 1 and the cases for 2 ≤ i ≤ n − 1 are the same
completely. Set x[1] = (v111, v221, · · · , v(n−1)(n−1)1), A1 can be rewritten as

A1 = x[1]B1x
T[1] + 2b[1]xT[1] + d[1].

Note that
−B1 = E1 + F1,

where

E1 = diag
{ 1

λ21

,
1

λ22

+ 2

λ1λ2
, · · · ,

1

λ2n−1

+ 2

λ1λn−1

}
,

and

F1 =
(

1

λ2n
+ 2

λ1λn

)
⎛
⎜⎜⎜⎝

1
1
...
1

⎞
⎟⎟⎟⎠ (1, 1, · · · , 1).

Denote

C1 = diag

{
λ1,

λ2√
1 + 2 λ2

λ1

, · · · ,
λn−1√

1 + 2 λn−1
λ1

}
,

one can obtain that

C1(−B1)C1 = I + νT[1]ν[1],

where I is n−1 identity matrix and ν[1] =
√

1
λ2n

+ 2
λ1λn

(1, 1, · · · , 1)C1. It is easy to see that

B1 < 0.

By Lemma 2.1, we get
A1 ≤ −b[1]B−1

1 bT[1] + d[1]. (2.7)

Denote D1 = I + νT[1]ν[1], then

D−1
1 = I − νT[1]ν[1]

1 + |ν[1]|2 ,

−B−1
1 = C1D

−1
1 C1.
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Hence

− b[1]B−1
1 bT[1] = b[1]C1D

−1
1 C1b

T[1] = b[1]C1D
−1
1 (b[1]C1)

T . (2.8)

On the other hand, let g = (
1 + 2 λn

λ1

) 2(n−1)λ1−σ1
λ2n

− n−1
λn

. From Eq. 2.5, we have

b[1] =
[
g(1, · · · , 1) + (n − 1)

( 1

λ1
, · · · ,

1

λn−1

)]v1

v
.

Denote η[1] =
(

1
λ1

, · · · , 1
λn−1

)
C1, ḡ = g√

1
λ2n

+ 2
λ1λn

, then

b[1]C1 = (
ḡν[1] + (n − 1)η[1]

)v1
v
. (2.9)

Therefore, combining Eqs. 2.8 and 2.9, we deduce

−b[1]B−1
1 bT[1]

= v21

v2

(
ḡν[1] + (n − 1)η[1]

)
D−1

1

(
ḡν[1] + (n − 1)η[1]

)T

= v21

v2

(
ḡ2ν[1]D−1

1 νT[1] + 2(n − 1)ḡη[1]D−1
1 νT[1] + (n − 1)2η[1]D−1

1 ηT[1]
)
.

Since D−1
1 = I − νT[1]ν[1]

1+|ν[1]|2 , one can obtain that

ν[1]D−1
1 νT[1] = ν[1]

(
I − νT[1]ν[1]

1 + |ν[1]|2
)
νT[1] = |ν[1]|2

1 + |ν[1]|2 ,

η[1]D−1
1 νT[1] = η[1]

(
I − νT[1]ν[1]

1 + |ν[1]|2
)
νT[1] = η[1]νT[1]

1 + |ν[1]|2 ,

and

η[1]D−1
1 ηT[1] = η[1]

(
I − νT[1]ν[1]

1 + |ν[1]|2
)
ηT[1] = |η[1]|2 − (η[1]νT[1])2

1 + |ν[1]|2 .

Then

−b[1]B−1
1 bT[1]

= v21

v2

(
ḡ2 |ν[1]|2

1 + |ν[1]|2 + 2(n − 1)ḡ
η[1]νT[1]

1 + |ν[1]|2 + (n − 1)2|η[1]|2

−(n − 1)2
(η[1]νT[1])2

1 + |ν[1]|2
)

(2.10)

= v21

v2

(
ḡ2 + (n − 1)2|η[1]|2 − 1

1 + |ν[1]|2
(
(n − 1)η[1]νT[1] − ḡ

)2).
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Hence, from Eqs. 2.5, 2.7 and 2.10, we get

A1 ≤ −b[1]B−1
1 bT[1] −

(
1

λ2n
+ 2

λ1λn

)(
2(n − 1)λ1 − σ1

)2 v21

v2

+2(n − 1)
2(n − 1)λ1 − σ1

λn

v21

v2
+ (− n3 + 3n2 − 5n + 2

)v21
v2

+2
σ1(λ)

λ1

v21

v2

= − 1

1 + |ν[1]|2
(
(n − 1)η[1]νT[1] − ḡ

)2 v21

v2

+
(
(n − 1)2|η[1]|2 + (n − 1)2

1

1 + 2 λn

λ1

− n3 + 3n2 − 5n + 2 + 2
σ1

λ1

)v21

v2
. (2.11)

By the definitions of ν[1], η[1] and ḡ, direct calculation gives

(
(n − 1)η[1]νT[1] − ḡ

)2

= 1

4

(
1 + 2

λn

λ1

)λ21

λ2n

( n∑
j=2

(
1 + 2

λj

λ1

)
− (n − 1)

n∑
j=2

1

1 + 2
λj

λ1

+ (n − 2)(n − 3)

)2

,

and

1 + |ν[1]|2 = 1

4

λ21

λ2n

(
1 + 2

λn

λ1

)( n∑
j=2

(
1 + 2

λj

λ1

)
+

n∑
j=2

1

1 + 2
λj

λ1

+ 6 − 2n

)
.

Denote μj = 1 + 2
λj

λ1
for 2 ≤ j ≤ n, then we get

2
σ1(λ)

λ1
=

n∑
j=2

μj + 3 − n, (2.12)

|η[1]|2 = 1 +
n−1∑
j=2

1

1 + 2
λj

λ1

= 1 +
n−1∑
j=2

1

μj

, (2.13)

((n − 1)η[1]νT[1] − ḡ)2 (2.14)

= 1

4

(
1 + 2

λn

λ1

)λ21

λ2n

( n∑
j=2

μj − (n − 1)
n∑

j=2

1

μj

+ (n − 2)(n − 3)

)2

, (2.15)

and

1 + |ν[1]|2 = 1

4

λ21

λ2n

(
1 + 2

λn

λ1

)( n∑
j=2

μj +
n∑

j=2

1

μj

+ 6 − 2n

)
.
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We substitute Eqs. 2.12- 2.15 into 2.11 and obtain

A1 ≤ −

(∑n
j=2μj − (n − 1)

∑n
j=2

1
μj

+ (n − 2)(n − 3)

)2

∑n
j=2μj +∑n

j=2
1

μj
+ 6 − 2n

v21

v2

+
(
(n − 1)2

n∑
j=2

1

μj

+
n∑

j=2

μj − n3 + 4n2 − 8n + 6
)v21

v2

= n2R(μ2, · · · , μn)∑n
j=2μj +∑n

j=2
1

μj
+ 6 − 2n

v21

v2
,

where

R(μ2, · · · , μn) =
( n∑

j=2

1

μj

)( n∑
i=2

μi

)
−(n−2)

n∑
j=2

μj −(n−2)
n∑

j=2

1

μj

+(n−1)(n−3).

Therefore, in order to prove
A1 ≤ 0,

we only need to prove
R(μ2, · · · , μn) ≤ 0.

For k = 2, · · · , n, we have

∂R

∂μk

=
n∑

j=2

1

μj

− 1

μ2
k

n∑
j=2

μj + (n − 2)
1

μ2
k

− (n − 2)

=
( ∑
2≤j≤n

j �=k

1

μj

− (n − 2)
)

+ 1

μ2
k

(
n − 2 −

∑
2≤j≤n

j �=k

μj

)
.

Since for all 2 ≤ j ≤ n, μj > 1, we have
∑

2≤j≤n
j �=k

1

μj

− (n − 2) < 0, n − 2 −
∑

2≤j≤n
j �=k

μj < 0, and
∂R

∂μk

< 0.

Thus
R(μ2, · · · , μn) ≤ R(1, · · · , 1) = 0.

We finished the proof of the claim for i = 1.
Now we prove the claim for i = n. Set x[n] = (v11n, v22n, · · · , v(n−1)(n−1)n), An can be

rewritten as
An = xT[n]Bnx[n] + 2b[n]x[n] + d[n].

From Eq. 2.6, one can derive that

Bn = (
bn
ij

)
1≤i,j≤n−1,

where

bn
ij = − 1

λ2n
−
(

1

λ2j

+ 2

λjλn

)
δij .

It is easy to see that
−Bn = En + Fn,
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where

En = diag
{ 1

λ21

+ 2

λ1λn

,
1

λ22

+ 2

λ2λn

, · · · ,
1

λ2n−1

+ 2

λn−1λn

}
,

and

Fn = 1

λ2n

⎛
⎜⎜⎜⎝

1
1
...
1

⎞
⎟⎟⎟⎠ (1, 1, · · · , 1).

Denote

Cn = diag
{ λ1√

1 + 2 λ1
λn

,
λ2√

1 + 2 λ2
λn

, · · · ,
λn−1√

1 + 2 λn−1
λn

}
,

we have
Cn(−Bn)Cn = I + νT[n]ν[n],

where ν[n] = 1
λn

(1, 1, · · · , 1)Cn. Denote Dn = I + νT[n]ν[n], then

D−1
n = I − νT[n]ν[n]

1 + |ν[n]|2 ,

and
−B−1

n = CnD
−1
n Cn.

With Eq. 2.6, we get

b[n] = vn

v

[
(n − 1)λn − σ1

λ2n
(1, · · · , 1) + (n − 1)(

1

λ1
, · · · ,

1

λn−1
)

]
.

Denote η[n] =
(

1
λ1

, · · · , 1
λn−1

)
Cn, g̃ = n − 1 − σ1

λn
, then

b[n]Cn = (
g̃ν[n] + (n − 1)η[n]

)vn

v
.

Whence, we deduce that

−b[n]B−1
n bT[n]

= b[n]CnD
−1
n (b[n]Cn)

T

= v2n

v2

(
g̃2 |ν[n]|2

1 + |ν[n]|2 + 2(n − 1)g̃
η[n]νT[n]

1 + |ν[n]|2

+(n − 1)2|η[n]|2 − (n − 1)2
(η[n]νT[n])2

1 + |ν[n]|2
)

(2.16)

= v2n

v2

(
g̃2 + (n − 1)2|η[n]|2 − 1

1 + |ν[n]|2
(
(n − 1)η[n]νT[n] − g̃

)2).
Denote μ̃j = 1 + 2

λj

λn
, for 1 ≤ j ≤ n − 1, by the definition of ν[n], η[n] and g̃, it is easy to

compute

2
σ1(λ)

λn

=
n−1∑
j=1

μ̃j + 3 − n, (2.17)

|η[n]|2 =
n−1∑
j=1

1

1 + 2
λj

λ1

=
n−1∑
j=1

1

μ̃j

, (2.18)
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η[n]νT[n] = 1

λn

n−1∑
j=1

λj

1 + 2
λj

λn

= n − 1

2
− 1

2

n−1∑
j=1

1

μ̃j

, (2.19)

(
(n − 1)η[n]νT[n] − g̃

)2

=
(

(n − 1)2

2
− n − 1

2

n−1∑
j=1

1

μ̃j

+ 3 − n

2
+ 1

2

n−1∑
j=1

μ̃j − (n − 1)

)2

(2.20)

=
(

− n − 1

2

n−1∑
j=1

1

μ̃j

+ 1

2

n−1∑
j=1

μ̃j + (n − 3)(n − 2)

2

)2

,

and

1 + |ν[n]|2 = 1 + 1

λ2n

n−1∑
j=1

λ2j

1 + 2
λj

λn

= 1

4

( n−1∑
j=1

μ̃j +
n−1∑
j=1

1

μ̃j

+ 6 − 2n

)
. (2.21)

By Lemma 2.1, we have

An ≤ −b[n]B−1
n bT[n] − 1

λ2n

(
2(n − 1)λn − σ1

)2 v2n

v2

+2(n − 1)
2(n − 1)λn − σ1

λn

v2n

v2
+ (− n3 + 3n2 − 5n + 2

)v2n
v2

(2.22)

+2
σ1

λn

v2n

v2
.

Therefore, combing with the above Eqs. 2.16-2.22, we get

An ≤ −

(∑n−1
j=1 μ̃j − (n − 1)

∑n−1
j=1

1
μ̃j

+ (n − 2)(n − 3)

)2

∑n−1
j=1 μ̃j +∑n−1

j=1
1

μ̃j
+ 6 − 2n

v2n

v2

+
(
(n − 1)2

n−1∑
j=1

1

μ̃j

+
n−1∑
j=1

μ̃j − n3 + 4n2 − 8n + 6
)v2n

v2

= n2R(μ̃1, · · · , μ̃n−1)∑n−1
j=1 μ̃j +∑n−1

j=1
1

μ̃j
+ 6 − 2n

v2n

v2
,

where

R(μ̃1, · · · , μ̃n−1) =
( n−1∑

j=1

1

μ̃j

)( n−1∑
i=1

μ̃i

)
−(n−2)

n−1∑
j=1

μj −(n−2)
n−1∑
j=1

1

μ̃j

+(n−1)(n−3).

Analogously, we can also get R(μ̃1, · · · , μ̃n−1) ≤ 0, then

An ≤ 0.

This completes the proof of Theorem 1.2.
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Remark 1 In the proof of Theorem 1.2 above, if we rewrite the formula Eq. 2.4 as

viii = (
2(n − 1)λi − σ1(λ)

)vi

v
−
∑

1≤k≤n
k �=i

vkki ,

and eliminate the viii term in the expression of Ai , it can be processed in the form of An in
Eq. 2.6.

3 Proof of Theorem 1.4

Now, we give the proof of Theorem 1.4. The process of the proof is similar to that of
Theorem 1.2.

Proof Suppose that u ≥ 0 is the solution for the eigenvalue problem Eq. 1.2 with λ > 0
being the first eigenvalue. Set v = − log u, then v satisfies the following problem

{
Δv = λ + |∇v|2 in Ω,

v(x) → +∞ as x → ∂Ω .

Let ϕ = log(e−(n+1)v detD2v) = −(n + 1)v + log(detD2v), we will prove that

Δϕ ≤ 0. (3.1)

In order to show inequality Eq. 3.1 at arbitrary point x̄ ∈ Ω , we choose the suitable
coordinates at x̄, such that the matrix D2v(x̄) is diagonal. Because v is strictly con-
vex, the Hessian matrix (vij ) is positive definite. Let (vij ) be the inverse matrix of (vij ),
(λ1, λ2, . . . , λn) := (v11, v22, . . . , vnn)(x̄). From now on, all the calculations will be done
at the fixed point x̄.

By taking first derivatives of ϕ, we have

ϕi = −(n + 1)vi +
n∑

k,l=1

vklvkli . (3.2)

Differentiating Eq. 3.2 once more, we get

Δϕ = −(n + 1)Δv +
n∑

k,l=1

vkl(Δv)kl −
n∑

k,l,p,q,i=1

vkpvqlvklivpqi .

Using the equation Δv = λ + |∇v|2, we deduce
n∑

k,l=1

vkl(Δv)kl =
n∑

k=1

1

λk

(λ + |∇v|2)kk = 2Δv + 2
n∑

k,s=1

vs

vkks

λk

.
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Whence

Δϕ = (1 − n)Δv + 2
n∑

k,i=1

vi

vkki

λk

−
n∑

k,l,i=1

v2kli

λkλl

= (1 − n)(λ + |∇v|2) + 2
n∑

k,i=1

vi

vkki

λk

−
n∑

k,i=1

v2kki

λ2k

− 2
∑

1≤k,i≤n
k �=i

v2kki

λkλi

−
∑

1≤k,l,i≤n
k �=i,l �=i,k �=l

v2kli

λkλl

≤ (1 − n)|∇v|2 + 2
n∑

k,i=1

vi

vkki

λk

−
n∑

k,i=1

v2kki

λ2k

− 2
∑

1≤k,i≤n
k �=i

v2kki

λkλi

.

Denote

Ai = (1 − n)v2i + 2
n∑

k=1

vi

vkki

λk

−
n∑

k=1

v2kki

λ2k

− 2
∑

1≤k≤n
k �=i

v2kki

λkλi

, for 1 ≤ i ≤ n.

We will claim that ∀ 1 ≤ i ≤ n,

Ai ≤ 0.

From this claim, we have

Δϕ ≤
n∑

i=1

Ai ≤ 0,

and complete the proof of Theorem 1.4.
In the following, we shall show the claim. Taking derivative of the equation Δv = λ +

|∇v|2 with respect to xi , we have

(Δv)i = 2
n∑

s=1

vsvsi ,

which implies

vnni = 2
n∑

s=1

vsvsi −
n−1∑
k=1

vkki . (3.3)

Applying Eq. 3.3 to Ai , we deduce that for 1 ≤ i ≤ n − 1,

Ai = − v2iii
λ2i

− ∑
1≤j≤n−1

j �=i

(
1
λ2j

+ 2
λiλj

)
v2jji −

(
1
λ2n

+ 2
λiλn

)( n−1∑
j=1

vjji

)2

+4
(

1
λ2n

+ 2
λiλn

)
viλi

n−1∑
j=1

vjji + 2vi

∑n−1
j=1

vjji

λj
− 2 vi

λn

n−1∑
j=1

vjji (3.4)

−4v2i
λ2i
λ2n

(
1 + 2 λn

λi

)
+ 4v2i

λi

λn
+ (1 − n)v2i ,
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and

An = −
n−1∑
j=1

( 1

λ2j

+ 2

λjλn

)
v2jjn − 1

λ2n

( n−1∑
j=1

vjjn

)2 + 2vn

n−1∑
j=1

( 1

λj

+ 1

λn

)
vjjn

+(1 − n)v2n. (3.5)

From Eqs. 3.4 and 3.5, we can view Ai (1 ≤ i ≤ n) as a quadratic polynomial of x[i] =
(v11i , v22i , · · · , v(n−1)(n−1)i ).

Firstly, we prove the claim for i = 1 and the cases for 2 ≤ i ≤ n − 1 are the same
completely. Set x[1] = (v111, v221, · · · , v(n−1)(n−1)1), A1 can be rewritten as

A1 = x[1]B1x
T[1] + 2b[1]xT[1] + d[1].

It is easy to check that
−B1 = E1 + F1,

where

E1 = diag
{ 1

λ21

,
1

λ22

+ 2

λ1λ2
, · · · ,

1

λ2n−1

+ 2

λ1λn−1

}
,

and

F1 =
(

1

λ2n
+ 2

λ1λn

)
⎛
⎜⎜⎜⎝

1
1
...
1

⎞
⎟⎟⎟⎠ (1, 1, · · · , 1).

Denote

C1 = diag
{
λ1,

λ2√
1 + 2 λ2

λ1

, · · · ,
λn−1√

1 + 2 λn−1
λ1

}
,

one can obtain that

C1(−B1)C1 = I + νT[1]ν[1],

where ν[1] =
√

1
λ2n

+ 2
λ1λn

(1, 1, · · · , 1)C1. It is easy to see that

B1 < 0.

By Lemma 2.1, we get
A1 ≤ −b[1]B−1

1 bT[1] + d[1]. (3.6)

Denote D1 = I + νT[1]ν[1], then we get

D−1
1 = I − νT[1]ν[1]

1 + |ν[1]|2 ,

and
−B−1

1 = C1D
−1
1 C1,

whence

− b[1]B−1
1 bT[1] = b[1]C1D

−1
1 (b[1]C1)

T = b[1]C1

(
I − νT[1]ν[1]

1 + |ν[1]|2
)
(b[1]C1)

T . (3.7)

From Eq. 3.4, we have

b[1] =
[(

2
λ1

λ2n
+ 3

λn

)
(1, · · · , 1) +

( 1

λ1
, · · · ,

1

λn−1

)]
v1.
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Let η[1] =
(

1
λ1

, · · · , 1
λn−1

)
C1, and g = 3+2

λ1
λn√

1+2 λn
λ1

, then

b[1]C1 = (gν[1] + η[1])v1. (3.8)

Combing Eq. 3.7 with Eq. 3.8, we derive

− b[1]B−1
1 bT[1] = v21(gν[1] + η[1])

(
I − νT[1]ν[1]

1 + |ν[1]|2
)
(gν[1] + η[1])T

= v21

(
g2 |ν[1]|2

1 + |ν[1]|2 + 2g
η[1]νT[1]

1 + |ν[1]|2 + |η[1]|2 − (η[1]νT[1])2

1 + |ν[1]|2
)

(3.9)

= v21

(
g2 + |η[1]|2 − 1

1 + |ν[1]|2
(
η[1]νT[1] − g

)2).
By the definitions of ν[1] and η[1], direct calculation gives

ν[1] =
√

1

λ2n
+ 2

λ1λn

(
λ1,

λ2√
1 + 2 λ2

λn

, · · · ,
λn−1√

1 + 2 λn−1
λn

)
,

and

η[1] =
(
1,

1√
1 + 2 λ2

λn

, · · · ,
1√

1 + 2 λn−1
λn

)
.

Denote μj = 1 + 2
λj

λ1
, for 2 ≤ j ≤ n, we deduce

|η[1]|2 = 1 +
n−1∑
j=2

1

1 + 2
λj

λ1

= 1 +
n−1∑
j=2

1

μj

, (3.10)

1 + |ν[1]|2 = 1 +
(
1 + 2

λn

λ1

)(
λ21

λ2n
+

n−1∑
j=2

1

1 + 2
λj

λ1

λ2j

λ2n

)

= 1

4

λ21

λ2n

(
1 + 2

λn

λ1

)( n∑
j=2

μj +
n∑

j=2

1

μj

+ 6 − 2n

)
, (3.11)

and

(η[1]νT[1] − g)2 =
(√

1

λ2n
+ 2

λ1λn

(
λ1 +

n−1∑
j=2

λj

1 + 2
λj

λ1

)
− 3 + 2 λ1

λn√
1 + 2 λn

λ1

)2

= 1

4

(
1 + 2

λn

λ1

)λ21

λ2n

(
−

n∑
j=2

1

μj

+ n − 3

)2

. (3.12)
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Inserting Eqs. 3.9- 3.12 into 3.6, we finally obtain

A1 ≤ v21

(
g2 + |η[1]|2 − 1

1 + |ν[1]|2
(
η[1]νT[1] − g

)2 )

− 4v21
λ21

λ2n
(1 + 2

λn

λ1
) + 4v21

λ1

λn

+ (1 − n)v21

=
[

−

(
−∑n

j=2
1

μj
+ n − 3

)2

∑n
j=2 μj +∑n

j=2
1

μj
+ 6 − 2n

+
n∑

j=2

1

μj

+ 2 − n

]
v21

= v21∑n
j=2 μj +∑n

j=2
1

μj
+ 6 − 2n

R(μ2, · · · , μn),

where

R(μ2, · · · , μn) =
( n∑

j=2

1

μj

)( n∑
i=2

μi

)
−(n−2)

n∑
j=2

μj −(n−2)
n∑

j=2

1

μj

+(n−1)(n−3).

By the argument in the proof of Theorem 1.2, we can get R(μ2, · · · , μn) ≤ 0. Hence, we
have

A1 ≤ 0.

Now we prove the claim for i = n. Set x[n] = (v11n, v22n, · · · , v(n−1)(n−1)n), An can be
rewritten as

An = xT[n]Bnx[n] + 2b[n]x[n] + d[n].
From Eq. 3.5, one can derive that

Bn = (bn
ij )1≤i,j≤n−1,

where

bn
ij = − 1

λ2n
−
( 1

λ2j

+ 2

λjλn

)
δij .

It is easy to check that
−Bn = En + Fn,

where

En = diag
{ 1

λ21

+ 2

λ1λn

,
1

λ22

+ 2

λ2λn

, · · · ,
1

λ2n−1

+ 2

λn−1λn

}
,

and

Fn = 1

λ2n

⎛
⎜⎜⎜⎝

1
1
...
1

⎞
⎟⎟⎟⎠ (1, 1, · · · , 1).

Denote

Cn = diag
{ λ1√

1 + 2 λ1
λn

,
λ2√

1 + 2 λ2
λn

, · · · ,
λn−1√

1 + 2 λn−1
λn

}
,

we have
Cn(−Bn)Cn = I + νT[n]ν[n],

where ν[n] = 1
λn

(1, 1, · · · , 1)Cn. It follows that

−B−1
n = CnD

−1
n Cn,
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where Dn = I + νT[n]ν[n] and D−1
n = I − νT[n]ν[n]

1+|ν[n]|2 . By Lemma 2.1, we get

An ≤ −b[n]B−1
n bT[n] + d[n]. (3.13)

From Eq. 3.5, we see that

b[n] = vn

[
1

λn

(1, · · · , 1) +
(

1

λ1
, · · · ,

1

λn−1

)]
.

Denote η[n] =
(

1
λ1

, · · · , 1
λn−1

)
Cn, then one can obtain that

b[n]Cn = (ν[n] + η[n])vn.

Therefore

− b[n]B−1
n bT[n] = b[n]CnD

−1
n (b[n]Cn)

T

= v2n

( |ν[n]|2
1 + |ν[n]|2 + 2

η[n]νT[n]
1 + |ν[n]|2 + |η[n]|2 − (η[n]νT[n])2

1 + |ν[n]|2
)

(3.14)

= v2n

(
1 + |η[n]|2 − 1

1 + |ν[n]|2 (η[n]νT[n] − 1)2
)
.

By the definitions of ν[n] and η[n], direct calculation gives

ν[n] = 1

λn

⎛
⎜⎝ λ1√

1 + 2 λ1
λn

, · · · ,
λn−1√

1 + 2 λn−1
λn

⎞
⎟⎠ ,

and

η[n] =
⎛
⎜⎝ 1√

1 + 2 λ1
λn

, · · · ,
1√

1 + 2 λn−1
λn

⎞
⎟⎠ .

Denote μ̃j = 1 + 2
λj

λn
for 1 ≤ j ≤ n − 1, then we compute

|η[n]|2 =
n−1∑
j=1

1

1 + 2
λj

λn

=
n−1∑
j=1

1

μ̃j

, (3.15)

η[n]νT[n] = 1

λn

n−1∑
j=1

λj

1 + 2
λj

λn

= n − 1

2
− 1

2

n−1∑
j=1

1

μ̃j

, (3.16)

and

1 + |ν[n]|2 = 1 + 1

λ2n

n−1∑
j=1

λ2j

1 + 2
λj

λn

= 1

4

⎛
⎝n−1∑

j=1

μ̃j +
n−1∑
j=1

1

μ̃j

+ 6 − 2n

⎞
⎠ . (3.17)
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Inserting Eqs. 3.14-3.17 into 3.13, we finally get

An ≤ −b[n]B−1
n bT[n] + (1 − n)v2n

= v2n

(
1 + |η[n]|2 − 1

1 + |ν[n]|2 (η[n]νT[n] − 1)2 + 1 − n
)

=

⎡
⎢⎢⎢⎣−

(
−∑n−1

j=1
1

μ̃j
+ n − 3

)2

∑n−1
j=1 μ̃j +∑n−1

j=1
1

μ̃j
+ 6 − 2n

+
n−1∑
j=1

1

μ̃j

+ 2 − n

⎤
⎥⎥⎥⎦ v2n

= v2n∑n−1
j=1 μ̃j +

n−1∑
j=1

1
μ̃j

+ 6 − 2n

R̃(μ̃1, · · · , μ̃n−1),

where

R̃(μ̃1, · · · , μ̃n−1) =
⎛
⎝n−1∑

j=1

1

μ̃j

⎞
⎠
(

n−1∑
i=1

μ̃i

)
−(n−2)

n−1∑
j=1

μ̃j −(n−2)
n−1∑
j=1

1

μ̃j

+(n−1)(n−3).

Analogously, we can also get R̃(μ̃1, · · · , μ̃n−1) ≤ 0. Therefore

An ≤ 0.

This completes the proof of Theorem 1.4.

Remark 2 In the proof of Theorem 1.4 above, if we rewrite the formula Eq. 3.3 as

viii = 2
n∑

s=1

vsvsi −
∑

1≤k≤n
k �=i

vkki ,

and eliminate the viii term in the expression of Ai , it can be processed in the form of An in
Eq. 3.5.
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